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' cHAPTER 6

=

COMPACTNESS
> 5 0 INTRODUCTION B "

| We have scen that the concept of completeness is- the abstraction

- of a property of the rea] number system. The concept of compactness isalso
i' an abstraction of an important property possessed by subsets of R which are
| closed and bounded. This property is known as Heine Borel theorem which
states that if IC R is a closed interval, any family of open intervals in R
i whose union contains / has a finite subfamily whose‘un'ion contains I. We

now introduce the class of compact metric spaces in which the conclusion
of Heine Borel theorem is valid.
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6.1 COMPACT METRIC SPACES

Deﬁmtlon Let M be a metric space. A family of open sets {Ga} inM is
\ﬁled an open cover for M if U G,= M.

-

A subfamlly of {G,} which itself is an open cover is called a

~subcover. A : == o

A metric space M is said to be compact if every open cover for
. - (M.——"' .

M hab ﬂmte subcover

S

(. e) for each famlly of open sets {Gy} suchthatU Gy M, there .

exist a finite subfamxly {Ga A Ga Siievuns G } such that U G,.
V i=1

ﬁf}ﬁample 1 R thh usual metric is not compact A

Proof Consider the family of open mtervals {(~n, n) /n € N}.
This is a family of open sets in R.
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Clearly* U ( - n) = R.

nw i
N (5 n, n)/n€ N} is an open cover for R and this open covcr ha

no finite subcovcr. :
. R is not compact.

ample 2. 0,1 thh usual metnc is not compact

Proof Cons1der«the famlly of open mtcrvals {( )/n = 2 3, } '

Cleaaly U ( )= ‘(Q, 1).,

S 2\ :
{(l : 1)7n s } i
cover has no finite subcovcr - :

chcc (0 1) is not compact

Ethple 3. [0, oo) wnh usual metric is not compact

Proof Consnder the fanu]y of mtervals {Ln)/;—z S N} : <
[0 ‘n) is open in [O oo) for eachnEN e o :

- Also Ui.[O, .n) = [0, 00). '
ne= 1
| [0 n)/n € N}isan L open cover for [0, ») and. thls open cover :
has no ﬁmtc subcover : o

“Hence [0, oo) is n01 compact

o /Example 4. Let M bc an mf mte set W1lh dlscrctc mctnc Thcn M is not
compact L :

Pcoot' Letx e M. Smce M isa dlscretc mctnc space {x} is open mM
Also U {x} M '

‘xEM

[T o
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" Hence {{x}/xEM} is an open cover for M and since M i
,\ﬁ nite, this Opcn cover has no finite subcovcr '

gtcc M is not compact.

Aample 2 5. We wnll prove in6 2 that any closed interval [a, b] with usual

P - jetric is compact..

Theore;% @M be a metnc space. LetA CM. Ais compact iff gtven
| familyo open sets {Ga} in M such that U Gy QA there exnsts a subf :

i}“_i(‘.;al’, .G“z" ,Ga such that U G DA

w1

Proof LetA be a compact subset of M. |
‘ | - Let {G,} be a famlly of open sets in M such that U G D A

- Then(p G)NA=A.
L UGy NA)= A. |
: Also G,NA isopeninA (rcfer theotem 26) -
. The family {G‘ fa A} isan open cover‘-for A

Smce A is compact this open cover has a ﬁmte subcover say,
¢ Gy ﬂA G ﬁ A, . G ﬂ A. ' :

U(G nA) A,

im 1
(UG NA=A.
i= 1 . A
g UGQ.QA

l 5

Conversely let {H «} bean open cover for A.

Each H, 1s open inA,
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1

s Hy= Gy NA where G, is openin M.
Now, U H,, = A.
\ U (G, NA) = A.
(U‘G. JNA=A - .
AU GDA L o i

Hence by hypothesxs there exxsts a ﬁmte subfamlly

G G, such that U G DA.
» Gal’ .G.qz’ & P =1 -

U G NA=A ;

t= 1 ot

U (G ﬂA) A
i=1 i

U Hy, i
,B 1 e P

Thus {H a, Ha ...... JH, } is a finite subover of the open cover {Ha}

A is compact.

NP |
x_”l‘jeorem 6.2 //émy compact subset A ofa mectnc space M is bounded.
l“”"“Proof Let x, €EA. '

anmder {B(xb s n)/n € N}. |

Clearly U B(xo , n) =

n-l

U B(x,,,n)DA 1. S e S “
nm= 1 - . g \ :
] . . ! p : . 2 \

Since A is compact there exists a finite subfamily say, /)
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3

k

(t 1) B(xo ; "2) 5 usanne 32 BI(%5 5 nk) such that U Blxy ny) 2A.
i=1

Let n,= max{nq, ny, ..., n;}.

ThenU B(xo,n) B(x, , ng). % ..
im 1. ’ v ' {}" ' Ty IR
B(xo ’ no) :—)-A o iy B oz & |
We know that B(xo ;n ) is a bounded set and a subset ofabounded .
-' V‘.‘ \
set is bounded. Hence A is bounded : ' :{ “
. C o -
Note. The converse of the above theorem is not true. . 5 ‘ A
For example, (0 1)isa bounded subset of R. ‘ "_ X v
, But it is not compact. (refer example 2 of 6.1) N
TheorW Any compact subset A of a metric space (M d) is closed.
AT ——E
Proof To prove thatA is closed we shall prove that AC is open. A &y >} QRS
 Let yEA and let xe'A,‘Thenx EYe 0 a ok AT~ e
d(x,y)-=r>0 S
It can be easily verified that B(x, 37 r) N B(y ) = <I>. ‘
| ‘ ‘ B
Now conmder the collection {B(x )/x E A} :
3 % ’\_ E [ #0s ,i:.
ot O LA Y &
Clearly U B(x,% r) 2 A., e " s
x€A ’ !
Since A is compact there exists a ﬁmte number of such open balls say,
1. ,,"3_!,3.1.} “:‘!'\\:t 3
Blxy, 37%) 5 e, Blx,, 2 Ty ) such that U B(xl ; /rx) 2A. JARTERS
3 s ‘- 1 1§ 'i "’.
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NOW letV ﬂB(Y . A4l
i= 1 0?"*(&

Clearly V is an open set containing y.

8
L
ok

]
=
A
1
2

52
L2
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& |
o

1

q

)ﬂB(x x)—cbwehave ﬂB(x r) D fi

or
Since By 5 Ty i aﬁv Pl
! Gy : £ R | v\. \ »—’%/ﬂ ;:»"-;' ‘{ { LA
each 1= 1, 2,,. : N ‘\j'ﬂ U %‘_{f{’ <y = £V

> 1A\ <
4.\\ .
‘l

g
Ay
.
o
-
y
R
3
-~ Y -
V 2

i=1. i g e ]
_VyhAy= & [by (1)] S R g
.U 'Vy= AC ‘and each.Vy isopen. iy . -
7EA% i L
. A is open. Hence A is closed.
Note 1. The converse of the above theorem is not true. g

For example, [0, ») is a closed subset of R. But itis not co

mpact»
(refereg 30f6.1) |

Note 2. It follows from theorems 6.2 and 6.3 that any compact subset ofa
. metnc space is closed and bounded

gy -,

g R, Sy

SN A ; Ko \ I\.M A \ \“:\ . ) ;
o
\i@ rém 6.4 A closed subspace of a compact metnc space is compact.

Rt Mf; WMM
Proof. LetM beacompact metnc space LetA beanon-empty closed subset
of M. =% , _ : :
L OUeNY L A She o LY TY
We clann thatA is compact. R SRR S S le
La, oA ¢ ‘\i"\ AT W
Let {G /a EI} be a fanuly of open sets in M such that |
3';-“3}1 S ' ‘, o ' N UG, 2A~>'
SRR - G TN N ENGE L del
L ::‘ ; G{ oA & ;:3 \;!
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/OQ‘ ‘ LU VA Plth
A‘U[UG ]=M- ‘ 0 P
a€] .\

Also‘A"' is open. ( smce A is closed ).
s {6 /o€l U {A€ }’1s'a’n open cover fot M.
%ce M: is compact it has a finite saﬁéévef‘say
N , Gop Gayp weeees Ga;,, Acf)

, ‘ ‘J o”"ym}@ b@‘\a’w’*{ e f ol
(UG )UAC= M' : |

- i= vl ) ; fop
TR ool : % o RV NI
UGy 24 ‘ ST LN TR
il R PO S 7
UL SRR A R ;
A is compact P 1 0 W ;AP
' | (C 5 oo | ' VR~ O o
, A nA | e RN 1z
Exercises : Y , . ' SO
§ : : o \ e . : ‘ RN,
A 2 : : REL N,

1 Give a an example of an open cover which has no ﬁmte subcover for TERAN

the followmg subsets of R

Aot 0 6,6 B 6 @) 15,9 @) 7.9 gt :
2 Show that every finite metric ° space is co pac 4 ] :

,3. Give an e’x’ample of a connected subset of R which is npt .compact.
(Hint. Any interval in R is connected) (- & (/L) ' -

4. A and B are two compact subsets of a metric space M Prove that
, : (%

A U Biis a]so compact

‘- - et e e

6 .2 "_COMPACT SUBSETS OF R. 7

. Wc have already proved that evcry compact subset of a metric space
is closed and bounded ‘
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However the converse is not truc.

For example, consider an infinite discrete mctric spacc M, dj.
Let A be an infinite subset of M A

Then A is ‘bounded since d(x, y)s 1 for all x, y EA.

Also- A is closed since any subset of a dlSCICtC metric spacge ; ,3 :
closed.

HenceA is closed and bounded —
However A is not compact ( refer example 40f6.1) |

In this section we shall prove that for R with usual metric the
converse is also true. '

' 'rwf
Theorem 6.5 (Heme Borel theorem)% & rﬂ
r;;'f \0/ g’Any closed interval [a, b b] is a compact subset of R. .
~ e A
7 Proof. Let {G, /a €1} bea farmly of open sets in R such that "_C’/{;/
x::" U a—_[a, b]. /')QX & ¢ .‘{Q{ Pc\n,\n AAAA f(j ’ b’l C~>7 1}

ff]f"\

K- 1=y S T
(’\«4 r< b
LetS = {x/x € [a, b] and [3 x] can be covered by a finite number ofG, ’s.
\-- >
Clearlya €S and hence S = ®. @ 40--". 7
Also S 1sibounded above by b b ald \G‘f o8 o ¢ )
> , : 2 tn LA o
Yiiyen i\i.c;_tc denote thel uf,?) ofS ' CONGrY :
Sy et o YO 7 g A miee O
- i Clearly f [a, b]. ':,,,:; { w/i ,v { S ; d_ [
AN RART A = G for some o el L AL T
, /\/ ﬂ)”/ C nx Q;’,,’ '
/,75/ Since a, is open , thete exists € > 0 such that s
A C B«C £) C {}:;O{ :
CL(/\% B “’;"‘:‘,\ oy (c- ¢,c+ £)CG,:
. //,' 4 ~¢ ‘ 'b .
/'/\u 43 {Choose X1 € [a, b] Such thatx ;

1r< ¢ and [x,c]C G, .
Now, since X1 <, [q; xl] can be covere
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Lo s C‘] [ 7l 3
|

These finite number of G’s together with Gal covers [q, c]. ]
.. By definition of S E@) b.b- b .s

| Q\I‘ow we claim that c = b. @ OA ui,Pg'? 'bounJ

i

- C/Cy % ‘

Suppose ¢ = b. . re 3 B s C,Z‘"ﬁ |
(’1 Jﬁ &

c and [c, x,]1C G -, g€l i

Then choose x, € [a, b] such that x, ‘Zk i é W:] 7 HES é
As before, [a xp] canbe covered by a finite number of G, s 1
HencerES o RS Bna e e

But x2 > ¢ whichis a contradlctlon smcec is the L. u. b. ofS :
. c=b. .

. |a, b] can be covered by a finite number of G, ’s.

“ [a,b] isa compact subset of R.

Theorem 66 A subsct A of R is compact iffA is closed and bounded

Proof. IfA is compact thenA is closed and bounded .
Conversely ,IetA be subset of R which is closed and-bounded

Since A is bounded we can. find a closed mterval [a, b] such that

A Q [a, b]. =

. Since A is closed in R, A is closed in [a, b] also.
Thus A is a.closed subset of the compact space [e, b].
- Hence A is compact (by theorem 6.4)

Exercises = '

N 7

1. Determine which of the following subset of R are comapct.

®z  @e - @uy
MG O=  ¢)[L2AUB4

\“

P
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T

! ) 9—,)‘1’\ {O 1! 2’ 31 sose " ;'"}‘ -

& ﬁ:\\*z., IfA and B are compact subsets of R prove that A.N B ig alsg
a ccﬁﬁ act subset of R KA LT Fr s e
S C S ) . bt . ’

= P o : Ay

5 3 EQUIVALENT CHARACTERISATIONS FOR COMPACTNEsg

In thls SeCtIOIl we obtam several equlvalent charactensatlon for
= | ,

compactness ina metric space.

.Son(){ l

S of subsets of a set M is sald to ‘have the finite

mtersectlon property if any ﬁmte members Of/S /have non- empty intersect

*

.. Definition, A famlly

Example In R the family of closed mtervals i/‘s.= {[-n, n] /nEN} ha
fimte mtersectlon propeny ‘ Lk »

e

is compact 1ff any fanuly of closed sets Wlth i
fimte mtersectlon property has non—empty mtersecuon :

-

Theorem 6.7 A metnc spac

Proof SupposeM is compact

; Let{A_} beafa mily of closed subsets of M W1th ﬁmte mtersectlon
4 property. - i

WeclalmthatﬂA :CI) e
Suppose ﬂA = <I> then (ﬂA )
- UAG =M.

> Also, since cachAa is closed Ay is open

{Aa} ls an open cover forM

Since M is Compact thls open cover has a ﬁmte subcover say,. :

/ \'
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o U Af= M.

im 1

i=1

\
n

n A P Wthh i1s a contmdxcuon to thc finite mtcrsccnon

i=1.
property.

- S s NAG=D. |
Conversely, suppose that each family of closed sets inM wnh finite
- intersection property has non empty intersection. |
To prove that M “is compact, let {G /o€ I} be an open cover for M

U G, =M. ' :

aEl 4
: C
~ (U Gy = M.
a €l :

© NG =@

- a€l

Since G, is open, G¢, is closed for each a.

3= {Gg/a €I} isafamily of closed sets whose imersection_
_is empty.~ ' ‘

Hencc by hypothc31s this famlly of closed sets does not have the -~
- finite. mterscctlon property. '

Hence there exists a finite sub-collection of 3 say,

{Gi, G5, .....G;} suchthat N Gf = .

i 1
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L&
j= A
L]
.0 U Gi b= Ma
o- l 4 5 -
.{G - G,} is a finite subcover of the given ope,
e { Rl Bttt ’ ’ ;
cover.

Hence M is comPaCt

ded
])eﬁmtlon. A metnc spac&M is said to be totally bounded if for every
¢ > 0 there exists a finite numbcr of elemcnts X15 X5 coeeee i E M such thy

- B(xy, €) U B(x,, €) U ....... U B(xn, g)= M.

A non-empty subset A of a metric space M is said to be totally
bounded if the subspace A is a totally bounded metric space.

Theorem 6.8 Any compact metric space is totally b‘(’)unded.:

Proof. LetM bea corﬁpact metric spﬁce ‘
Then {B(x, €)/x € M} is'an open cover for M.

Smce M is compact this open cover has a fimte subcover S

B(xy, €),B(x,,€), ... ,B(xn , €). o ay,
. M= B(xy, ¢) U B(xq, e) U ..... LU (B( , €).
. M is totally bounded. |
// heorem 6.9 LetA be asubsetofa metnc space M. IfA is totally bounded
then A is bounded S ; : {

Proof. LetA be a totally boundéd subset

Then there exists a ﬁmte numbe

that B i
1(x1, &) U Bl(xz € ) Uiy Bl(xn, €)= A, where B 1&x; ,€) isanopen |

ball inA. ! ‘

of M. Lete> 0 be given.

rofpoints x;, xs, ..... , x, €4, such -
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Funher we know that an open ball is a bounded set.

| -Thus A 'is the union of a finite number of bounded sets and hence
’ A is bounded '

‘4 Note. The converse of the above theorem is not true.
' For, let M be an infinite set W1th dlscrete metnc

“Clearly M is bounded.
Now,*B(x, L )

Smce M 1is mﬁmte M cannot be written as the union of a ﬁmte R

number of open balls B(x, —)

". M is not totally bounded. _
Definition. Let (x,) be sequence in a metric space M . | e o \.

Let ny< ny < coco <M< e be an increasing sequence of posmve in-

tegers. Then (x,, ) is called a subsequence of (x")

'Theorem 6.10 A metric space (M, d) is tota]ly bounde iff every sequence
in M has a Cauchy subsequence.

Proof. Suppose every sequence in M has a Cauchy subsequence.
' - Weclaim that M is totally bounded. A

j Lete > 0 be given.' Choose x; E M. |
| 1f B(xl, €) = M then obviously M is totally bounded.

Ifl?(xi, €)= M, ehoose Xy EM = B(xy, g) so that d(xy, x5) = €.

- Now, if B(x;, €) U (Bx,, €) = M the proof is complete.

If not choos'e x3=M A [B(xy,8) U B(xz,; £)] and so on.

Suppose this process does not stop at a finite stage.
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oo

Then we obtain a sequence Xg, X2,

A(Xp Xpn) = € it n=m.

Clearly this scquence (x,) cannot hay

whnch is a contradlctlon
Hence the above process st0ps ata ﬁmte stage and we get a ﬁmte“

i h that “p © %

set of points {xq,Xp, -ee* ,X,} suc |
pOM : : M B(xl, 8) U B(XQ) 8) 19 o | U B(xm g). %

. Mis totally bounded. -

Conversely suppose M is totally bounded

Let Sl = {xl ’ 12 ceveses ,xiﬁ“ IRTIT

} bea sequence inM.

If one term of the sequence is 1nﬁnrtely repeated then Sy Contalns

a constant subsequence which is obviously a Cauchy subsequence

Hence we assume that no term of S, is infinitely repeated SO that

_the range of S is infinite.

-

Now, since M is totally bounded M can be covered by a finite |

number of open balls of radius %

‘Hence .atleas‘t one of these balls must contain an infinite number of
terms of the sequence S;. '

. §1 contains e : | ;
.- ‘ 1 a subsequence S, = (le 2 X2 5 eees 5 X2 5 e ) atl
terms of which lie within an open ball of radjus 1
" ) ' 2‘

S- . 5 ‘ . . ‘
mularly Sy contains a sub sequence S3= (x3, ... X3, i ) all
n

terms of which lie wrthm an open ball of radjus

S

We 1epeat this process o
fina]]y we take the diagonal sequence

i

3 fOrmmg successive subsequences and
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We claim thaf $S is a Cauchy subsequence of S;.

a
If m> n both x,, and x, lie within an open ball of radius =
m n 3 ‘ ) ' 3 ;
’ 20y e | Nco.
E _d '(xmm ’ xnn) = " e , ; 3 )
) : N : . ,'2
Hence d(x,, ,x,)< € if n,m> =
| R cean

This shows that S is a CauChy subsequcncc‘of Sy

| | _ A ?
Thus every sequence in M contains a Cauchy subsequence.
TSy B .

Corollary. A non-empty subset of a totally bounded set is totally bounded.
Proof. LetA be a totally bounded subset of a metnc space M.
LetB bea non-empty subset of A.

Let (x,) be a sequence in B..
«—\_’__/_‘N‘"

. (x,) is a sequence in A.

Since A is totally bounded (x ) hasa Cauchy subsequence (T\"'{m b @

Thus every sequence in B has a Cauchy subSequence: -
Cald Aey oo u»udw
.~ B is totally bounded. ‘

DLNE,
A metric space M is said to be sequentlally compact if every
sequence in M has a convergent sub

Definition.

-sequence.

Theorem 6.11. Let (x ) bea Cauchy sequence in a.metric space M . If

(x,) has a subsequence {x

\ converging to x , then (x,) converges to x.
== Qoum),w {«’29 dof

Proof. Let £> 0be given. Smce (x,) isa Cauchy sequence, there exists a

Positive integer my such that d(x y X)) < -2-8 for alln,m 2 m1 i (1)
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Also, since (A,, ) == x, there exists a positive integer m, sucy, ‘hil

W"“""“’“‘ o —— 1 ;
(wm%‘rﬁ"("'" = ge forall Ok = my Q)
Let M, = max {m, m2} and~ > f:ﬁii-/ L %
\/ ”{w e |

Then d(x, , %) s d (v, ,x,) + d( 0“ 4L

3 - ’

< -§-o+,_' o | O m, [by(l)and(2)]
€ for all nzm, '
Hence (), )-—>x | |
£ Theorem 6.12 In a metnc space M the followmg are equlvalent
OOX‘ @) M is compact ' | |
(ii) Any infinite subeet of M ‘has a limit pomt
v (i) M is sequennally compact |
; \.,..«" . - (iv) M is totally bounded and complete
¥ Proof. i) = (ii)
LetA be an mnmte subset of M.

. Lo SupposeA has no limit point in M.
5, i1 PP it M.

LCIXEM : . o el i o o

A f;f,' 70 e FRETYY. fré ﬁ

Nos { \

Since X isnot a limit pomt of A there emsts;an open ball B(x r )

,_..\

such that B(x, r ) N (A \{x}) =

\ R 57 "

{x}xf XEA

Now {B(x r )/x € M} is open cover forM

B s eV Yo B e e, gy

oo,

7.
&=
i~

- »N‘,

Also. each B(x,r ) covers atmost one point of the infinite set A.

Hence thlS open cover cannot have a finite sub cover whxch isa_

, contrad1ct10n to (l) Hence A has atleast one limit point.
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i = (iii). St A &

Let (x,) be a sequence in M. ok
b \ q' S every (o WHMTT

| Qfone term of the sequence is infinitely repeated then(x,) contains '

A constant subsequence which is convergc:‘r? |
E _ ‘Otherwise (x,,) has an infinite némber of terms ( {‘l) |
E fo hypothesis this infinite sct has a limit point, sw .
By .theorem 2. 15 for any r>0 'the-open ball B(x, r) contains

: 1nﬁmte number of terms of the sequence (x,). ‘Q\Pph O\)

Now choose a posrtlve 1nteger n, such that x,, EB(x 1)

= —

Then choose Ny, > ny such thatx E B(x —)
In general for each posmve mteger k choose n; such that

—

np> np_ 1 and xnkEB(x‘, —-))

Clearlyl (x, ) is a subsequence of (x,,).

Also d(x

ul
ny X) < —k" :
= (xnk)j—-> x.

Thus (x,,k‘) is a convergent subsequence of (x,). |

Hence M is sequentially compact.

(m)=>(w) el B R T i S B A ) “

e

E_‘hxgothcsrs every sequence in M has a convergent f

-.---,-u~ ~

8 subsequence But every convergent sequence is a Cauchy sequence.
Thus every sequence in M has a Cauchy subsequence.

" By theorem 6.10, M is totaﬂy bounded.
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Now we prove that M is complete.
" Let (x,,) be a Cauchy scquence in M.

By hypothesis (x,) contains a convergent Subsequence_(x,,k) N

Let (.t ) —x. _(say)'
Then by theorem 6.11 (x ) = x.

M is comp]ete

(iv) =@

L e SupposeM is not compact

- Then there exists an open cover {Ga} for M which has no finite subcover,

ane M is totally bounced, M can be covered by a finite number
of open ‘balls of radius ry- : /3 )

M Vi uo"‘f;\?SmceM cannot be covered by a finite number of G ’s atleast one

of these open balls, say B(xl , T1). cannot be covered by a finite number of
G, ’s ' St - o , B

Now, B(x;,rp) is totally boﬂnded ’ ‘/’ ‘::- \[t*a;) :

A ~ - Hence as before we can find x2 (S B(xl ,71) such that B(x, ,T2)

, cannot be covered by a finite number of G % < ! /A) :

Proceeding like this we obtain- a sequence (xn). in M such that
B(x,,, r,) cannot be covered by a finite number of G, ’s and
, | xn+ 1 €B(x,, r,) foralln |
Now, d(rn,x ' (

n+p)sd( xn+1)+d( +1’xn+2)+ ““““ +d(x, n+p-17 "+p)
<Tryt-r, +1+ ...... i)

n+p 1
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| N 1 1
; . : S 2" 2"+ 1 + ou-pocacotoo + 2ﬂ+p"" 1 :
u , - —+ --—-+ I XX ERTX] + s
e ,(2 7 2”)
! . <
2"‘

(xn) is a Cauchy sequence in M.

Smcc M is complete there exists x E M such that (x,, ) —> X.

NOWE—G—*forsomc—or |
s ol opeM A
| Sm‘ce-'GOl is open we can find ¢ > 0 such that B(x, e)E Gy i 1)
-~ Wehave(x,)) > x and (rn)-( )——>0
B 2: L
"Hence wc‘can find a positive integer n; such that d(x,, ,x) <-;— €
| ..and ”n<.'li € forallnz?_ ny. B ' _ ' . F
Now, ﬁxna nl S qis o - O
a FREs '}7‘? , - Sar e . |
e We’clalm that B(xn 5 1) S B(x, €). . 8 s - 4
Let y EB(xn . n) SRS ooy : & )
. d(y,x n)< r, < %e ,(sincc-né ny) | |
Now, d(y, x) s d(y,x,) + d(x, , x)
1 | L5 ”
| ) <oEHSES g
/? ‘ s Yy EB(x, ¢).

" B, ,r,) SB(x,©) S Gy (by (1))
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Thus B(x r,) is covered by the single set G, which is a

no ll

contradiction since B(x,, , ,) cannot be covered by a finite number of G, ’5§

Hence M is compact.

Theorem 6.13. R with usual metric is complete. | - |
Proof. Let (x ) be a Cauchy se’quencc inR. Texevvad Th ""‘

Then (x,, ) isa bounded sequence and hence is contalned ina closedf
mterval‘ [a bl. . N M
-Now, [a, b] is compact and hence i 1s complete
Hence (x,) converges to some pomt x € [a, b].
Thus every Cauchy sequence (x,) inR '_conve_rg'es to sbine pomt
% b in R and hence R iS"comple_te. i

o, 2

.

g Solved problems s | B ,V\

h s /froblem 1. que an example of a closed and bounded subset of I, which 1s:

not compact

Solutlon C,onsxder 0= (0 0,0,...)€E.
~ Consider the closed ball B[O, 1].
‘Clearly, B[0, 1] is bounded. :
‘Also, B[O., 1] is a closed set. ( A nee Ghod all) i

We claim that B[O , 1] is not compact. S
‘rf(;onside'r_ e;= (1,0,0, ....'.)'; é24= 0,1,0;.....) 3 vuiees \:‘{\

~Now, d(0 : e,,) = 1 and hence e EB[O 1] foral} n.
Thus (e,,) isa sequence mB[0 1]. |
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| Also d(e,,, m) \/—1fn¢m | \ b
' Hencethe sequcnce (e,) does not contam a Cauchy subsequeﬂcw
.. Blo, 1‘]‘ is not totally..bounded. i

= B0, 1] is ot compact.

-—

-,

problem 2. Prove that any totally bounded metric space is separable. \/O :

solution. LetM be a/totally bounded\metnc space.

-~ For each natural number nlet A = {xn; ;xné; ,'xnk} __bc'-'a' B
subset of M suchthat U B( n> n>= Mit ey el 6 1) T
Ciml 5 y . ; .

Lt A= UA,.
n=1 :
- Since eachA, is finite A is a countable subset of M.
We claim that A 1s dense in M |
Let B(x a) be any open ball.

Choose a natural number n ‘such that l < €.
. L < n ~

L4

~ Now, x E 3(3€ﬁi : —:l-) for some i g (by (1) )

e, L
d(x x)< ;( €. f\ﬁ r.,., g'i}ﬂ" g p & N m

o
((x Y€ Bz o
. Blx,e) NA :(I) ey

“Thus every open ball in M has non-empty intersection wnth A.

.»Hence K heo::/ 7,A isdenseinM. FPokgess T A
: g\ \Tg A isa countablc dense subset of M, 3% X

Nty . “g
B S 2 risd (\a g

. HenceM is separablc tH /4\

AW ]

{3}
A
wseme !
e
e
o
21
4

A o MMCOWW
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| Problem 3 Provc that any bounded scquence in R has a a convergent sub."v

sequence.

Solution. Let (x ) be a bounded sequence inkR.

Then there exists a closed mterval [a b] such that x,, € [a, b] forall n,

Thus (x,) isa sequence in the compact metric space [a, b].
u o Hence by theorem 6.12, (x, ) has a-convergent sub-sequence.
- Pry 4. Prove that the c]osure of a totally bounded setis total'y bounded.".

B Wt
Solutxon ‘LetA bea totally bounded subset of a metric space M |

/ ‘Q/ We claim thatA is totally bounded

\/ - We shall qhow that every sequence in A contains a Cauchy
bsequence | : |

Let (x,) be asequenceinA .

Lete> 0 be given.

3

Then since x,, EA , B(x e) NA ¢<I)

Il’

- Choose y, € B(x,, ; £,) NA.

-+ d(y, ,x,) < | i e D
i____,__,__-3-- | (1)

Nov O,) is a sequence in LA SmceA is totally bounded )
-contam.s a Cauchy sequernce say (yn ) A

chce there ex1sts a natural number m such that
o AC
I8V

d(yn ,yn) < f & forall n; ,njé m

i’ d(xn‘. ’ xn}.) s d(xn‘. b Yn’.) b, d(yni ? y"i) + d()'nl. ’ xn.)
oy B
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<%e+%e¥%e eforalln ,1;z m. (by(l)and(Z))

Hence (x,, ) isa Cauchy subsequence of (x,).

LA s totally bounded .
Problem 5. LetA be a totally bounded subset of R, Prove thatA 1S compact
Solutlon SlnceA 1s totally boundedA is also totally bounded. V4 W /
| Also, smceA is a closed subset of R and R is complete A is complete. -

. (refer theorem 3 4 ) . a

mw-r‘:;:

o8

Hence A is totally bounded and complete.

DA s compact. (refer theorem 6. 12)
. . ?N\ e

Exercises




Cara. e COMPAGINGSS
6.4 COMPACTNESS AND CONTINUITY
In this scction we prove some rcsu]ts about continuous f“ncngm

defined on a compact mctnc space. ‘These are gcneraluatxons of the
corresponding results for contmuous real valued functions defi ned op any

closed interval [a, b]

Theorem 6.14. Lct f ‘be a continuous mappmg froma compact metric Space
Ml to any metric space M, . Then f(Ml) is compact. '

(i.e.,) Continuous tmage ofa compact metric space is compact ,

Proof. Without loss of generahty we assume that f(Ml) = M2 |
Let {G,} bea family of open sets in M, such that UG, ;: M,

por S

f\/ : U ¢a= fiMy)
N L G My
5 UFHGY = My
 Also since f is continuous f~ I(Ga)' is open ian for each a.

Since M; is compact this open cover has a ﬁmte subcover say,

f’ (Gal),....v... G, ).

“{f 1(ch) } 'is an opén cover for M.

e f (Gal)uf‘l(G;Z),U ....... Us '(Gy) = M.

f‘UG

im 1

= M,

% :'Ejl G(xi= f(Ml) = M2.

oy =, Gy - is a cover for M,.
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Thus the gwen open cover {Ga} for Mz has a ﬁmte subcover.
M2 lS compact C,( o & _"{ ;’v' . tin s &/ o Luwt |

Corollary 1. Let f beacontinuous map from a compac’t metric space M ¥ into

~ any metric M,. Then f (M) is closed and bounded. -

Proof. f (My) is Compact and hence is closed and bounded Fjﬁ b i ;_{
co el ea v r?i l t

d functlon f defined on a compact

metric space is bounded and attains its bounds o w &5‘-’*@ H Y “*ﬂ“ﬂ‘f’ﬁ’

Corollary 2. ~Any continuous real value

Proot’. LetM bea compact metric space. ., | > & dﬁwf i\ﬂ %
' Let f : M — R be a continuous real valued functlon
5 Then f (M) is a compact subset of R. |
| “ f (M) isa closed and bounded subset of R.

Since f(M) is bounded f isa bounded function.
Now,leta= Lu.b.of f(M) andb = g.Lb. of f(M).
By definition of I. u. b. and 8 l.b. a,b€Ef(M).

‘But f(M) is closed. Hence f(M) = f(M)
“ a,b€ f(M).

There existx, y €M such that fG&)=a and f(y)= b.
Hence f attains its bounds.

Note. Corol]ary (2) is ot true if M is not compact.’

The function f:(0,1)=R defmed by f(x)

1/x is continuous
but not bounded - |

The. functlon g:(0,1) >R defined by g(x)=x is bounded
! havmgl u.b.=1andg.l.b.=

0. However this function never attains these
" bounds at any point in (0, 1).
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Theorem 6.15. Any continuous mapping f defined on a compact Metri,
space (My , dy) into any other metric space (M, , d) is uniformly contjny, ot

on A'{l.

Proof. Lete > 0 be given. LethMl

,Since f is continuous atx there exxsts o, > O such that

dl(yx)<6=>d2(f(y) f(x))<—e ..... YOR

Now the family of open balls {B(x,5 25,)/x € My} is an ope

cover for My,

Since M; is compact this open cover has a finite subcover say

B(x;,18,), ... B(x,, x))

Let 8 = mm{zx, ...... 2’x}
" . L el
' / We claim that 'd;(p, q) < 6=>d2 (f(p) f(q) ) < .
¥ LetpEB(,,2 x)forsomez where ls Is n.
,dl(P,xi)-< 20 P faliy A &Y (60 wd
-?-w'-'?-a’z(f(P),f(xi)).< e (by D). nisiais o '(2)
" Now,d(g,x)s drl(q,p)ﬁ- d; (p, x) | A
- }
‘ s 64- .5
5 1
S, Eéx[-'- Eé,xi: 6xi.
Thus d, (g, W<, ' | g
= 3 F oeks YTt

4 |
D), fx)) < L 28 (by (1) A €)
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Now, dy(F(p), F(@) s d; (@), F&)) + 3 (2, f(@)
: ey |

&

d
(« : .
Th“S dr(P q) < 6='d2(f(P),f(CI))< E. ,4,‘” g 40
Thrs proves that f is umformly contmuous on M;. i

Note. The above theorem is not true 1f M 1 is not compact.

“We have seen that if f is a continuous bijection then f~ ! need
not be contmuous Now we shall prove that if f is a continuous brjectron

| deﬁned ona compact metric space then ¥ 1 js also continuous. -

Theorem 6.16 Let f bea i< 1 contmuous function from a compact metnc

% Qf’? eI e .

. space M, onto any metric space MZ Then f is corrtrrtuous on Mz Hence
fisa homeomorphlsm from M; onto M,, T Ry "; i‘*’“‘ "2.
Proof. We shail show that f_ s contmuous by provmg that | 6% < %,‘

| | 5 T\
F isaclosed setin M; = (f‘ )— (F) = ‘{

. - f (F) isa closed set in M2 (ﬁ% }
- Let F be a closed set in Ml - -

Since M 1 is compact F Jds compact (by theorem 6. 4)

& \.
 f(F ) is a closed subset of M,. Q)?/, R R
\k" N p \ ~ o \ \S
.‘ . 1 ] " ‘C;\ / U E) G [ G 3. \
KR s 1 contmoous onM,. .2::- / OEVELgpnn: T
Solved problems \ \ ASSISTA

hmmm

‘R

range of a contmoous real valu
. QM'G cpo on
B a compact connected metric Space M must be ertheril sr’ng!e pdr $ f\}\’;

: and bounded interval. > shane

%\s.; SRR

‘ Problem 1. Prove thatt

\\.

<ES+E = E. (by(2)811d(3)) ¢ \ 5
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Solution. Let f: M —-R be a contmuou functlon

¥, &se @ Suppose f isa constant functron
" Then the range of f isa smgle point.

Case (u) Suppose f isnot a constant function.
Then the range of contains more than one pomt

‘Since M is connected f (M) is a connected subset of R.

2 ‘ |  (refer theorem 5 S5) -

. f(M) is an intervalin R. (by theorem 53) -

} . Also, smceM is compact and f is contmuous f(M) is a compact :

subset of R. ( by theorem 6. 14) | =
f(M) is a closed and bounded subset of R

Thus f(M) is a closed and bounded mterval of R.
Problem 2 Prove that any continuous function f : [a b] — R is not onto..
Solutron. Suppose fs ]S onto. Thenf([a b]) = .

Now, since [a b] is compact and f is contmuous fla, b] = Ris

: compact Wthh is a contradlctlon

3 ‘f is not onto.

~ Exercises. LI o i . 0

1 . Prove that’ any contmuous functxon from a compact metric space o

, any other metrlc space is a closed map.

2 "‘m‘

2. Pro ; L g : .
A Ye that any continuous functnon=defined on a closed interval



